Abstract. Simulation of a thermo-electromagnetic force which acts on a conducting particle immersed into liquid metal is performed using multi-gird multi-physics software AEQUATIO. To verify numerical solutions a model thermoelectric problem is solved using two methods. In the first one a phase function is used to indicate the phase transition whereas in the second the solid particle is described with a real frontier of a simplified shape. Numerical and analytical solutions for a model problem qualitatively agree but strong oscillations are observed in a numerical solution with a phase function. Further AEQUQTIO is applied for calculation of the velocity of a dendrite fragment observed in-situ in experiment of solidification of AlCu alloy. Numerical solution gives a good agreement with the experimental observation.
Introduction
Electromagnetic fields are used in metallurgical processes since several decades. Traditionally, static magnetic fields are applied to suppress the liquid motion in the bulk liquid due to the braking effect of the Lorentz force. The latter is a result of interaction between the electric current, induced by a moving liquid, and the imposed magnetic field. Yet, during solidification processes bulk materials are subjected to temperature gradients and thermo-physical properties of materials can change abruptly because of phase transition. This leads to appearance of a thermoelectric current near the liquid-solid interface and further to the thermoelectric magnetic force (TEMF) which is a result of interaction between the thermoelectric current and the applied magnetic field. Theoretical studies of the effect of TEMF force on the convective flows were made several decades ago [1] and experimental evidences were first found in crystal growth [2] [3] . Post-mortem analysis of samples of alloys solidified under the action of static magnetic field showed remarkable results [4] . Nowadays, advanced in-situ observations made with X-rays allow one to identify the effect of external fields in real time [5] [6] . However, despite diverse experimental results, very limited number of numerical simulations can be cited and most of them are applied either for a very small calculation domain [7] or for simple geometries [8] . This is related to the fact that an intensive thermoelectric current appears in a very thin layer in the bulk liquid near the solid-liquid interface and a fine calculation mesh is required to capture this. On the other hand, the effect of the thermoelectric magnetic force spreads over large distance in a 6 To whom any correspondence should be addressed at olga.budenkova@simap. form of convection and transport of the solid phase in the liquid, as strains and deformation of the solidified structure. Therefore, to study numerically the effect of the TEMF in solidification of alloys one needs either to use an average approach which would account lower-scale information at macroscale or to employ a multi-grid technique in order to link processes at microscale and at macroscale in a direct way. A numerical toolbox AEQUATIO is intended for use of multiple grids in a calculation domain and couples solutions obtained at different scales. The present work was inspired by the idea of modeling of a particular phenomenon observed in the experiment on solidification of Al-4wt%Cu alloy which is briefly described in the next section. Mathematical statement of the problem and numerical approach are presented in sections 3 and 4. Then comparisons between the analytical and numerical results for a model problem are made and results of simulation are compared with experimental observations.
Experimental observation
In the experiment performed with in-situ X-ray observation at ESRF a liquid Al-4wt%Cu alloy was solidified from the bottom in a crucible 6mm×40mm×0.2mm. A scheme of the set-up is shown in figure 1 . A static magnetic field was generated by a permanent magnet fixed close to the crucible. In the experiment several events of detachment of dendrite pieces were observed. A sequence of frames which shows motion of detached pieces in the horizontal direction is given in figure 2. Since this effect was not observed in experiments without magnetic field, there are strong grounds to believe that thermoelectric magnetic force acting on the solid phase is at the origin of this phenomenon. Image treatment showed that the average velocity of the motion of a dendrite fragment depends on its size and is about 130-200µm/s [9] .
Statement of the problem
Below mathematical formulations for two problems are given. The first one is related to the case of the experiment whereas the second concerns a model thermoelectric problem which we used to verify numerical results obtained with AEQUATIO.
Statement of the problem for the experimental case
The system of equations to be solved for each phase includes stationary equation for the energy transfer, continuity equation for the electric current and relation between the density of the electric current and temperature gradient: 
is related either to the solid or to the liquid phase and U is an electric potential, which, in fact, should be found. Notations for other variables and their values for the Al4wt%Cu alloy are given in the table 1. The boundary conditions for the temperature are fixed temperature values at the top and bottom of the calculation domain and no heat flux through the lateral boundaries:
For the current we presume insulating conditions for all surfaces bounded the calculation domain:
At the solid-liquid interface conditions of continuity of heat fluxes and normal component should be satisfied that gives following conditions for the temperature and electric potential, respectively:
The thermoelectric magnetic force (per unit volume) acting in each phase is given as
The velocity and the trajectory of the particle can be found from Newton's equation:
where τ is the volume of the particle and the TEMF acting onto the whole particle is
Stokes' drag force is taken proportional to the velocity of the particle and to the viscosity of the solid:
where coefficient A depends on the particle geometry. If the thermoelectric magnetic force does not change with particle motion, then the analytical solution of (9) is given as
Statement of a model problem
A simple thermoelectric problem which allows analytical solution for the system of equation (1)- (3) is a conducting solid sphere immersed into a conducting infinite media. The boundary conditions (4a)- (4c) and (5) are replaced with a constant one-dimensional temperature gradient and zero electric current at infinity. Let us suppose that the thermal gradient G in infinity is directed along the z -axis. Then the analytical solution for the problem shows that the thermoelectric current in the whole domain circulates in the plane (z,y) with the maximal density in the solid particle and decays with a third power of a distance in the bulk liquid [10] . If a uniform static magnetic field acts in the x direction as
, then the analytical solution for the thermoelectric force acting in the liquid and in the solid calculated using (8) and presented in Cartesian coordinates system with the origin at the centre of the sphere has the following form: Note that the force which acts onto particle
is constant and is directed along the y-axis in a negative direction if a difference of Seebeck coefficient is positive and vice versa.
Numerical approach
AEQUATIO is a toolbox based on the finite elements methods [11] . The spatial discretization for partial differential equations is obtained with Galerkin method and one or several calculation meshes can be used in the domain. The solution is sought in the elements' nodes and interpolation polynomials of Lagrange are of the second degree. In the present problem coupled equations for the energy and electric current (1)-(3) are projected over two meshes: the one which is constructed for the whole domain and which is coarse and a significantly finer mesh for a sub-domain around the particle ( figure 3) . The boundary conditions for the sub-domain are obtained via interpolation of data from the coarse mesh. We construct only one system of linear equations taking into account the two meshes. a b Figure 3 . Illustration to the domain and sub-domain division in AEQUATIO toolbox. a: complete geometry of the problem with a calculation domain and sub-domain in its centre, particle inside the sub-domain seen as a point and b: sub-domain and the particle
The aim of the present work was to implement the thermoelectric magnetic equations into AEQUATIO toolbox using two different methods described below and to apply one of them for simulation of the experimental observation. The first method implied a straightforward utilization of a "phase function" two phases but without using a sharp boundary between them. The second method is to describe a real frontier for a particle of simplified from, like, for example, cubic. Motivation for the use of phase function is driven by methods like volume of fluids or phase field where it is employed to calculate the evolution of the solid phase. One of advantages of implementation of phase function is that we can use a regular mesh in the sub-domain even if the particle has irregular form. Another advantage is that governing equations (1)- (5) can be solved in a unified manner without special treatment of the conditions at the solid-liquid interface.
Results and discussion
Results of numerical simulations presented below are given for points within the sub-domain containing the particle. Local values for the density of the electric current and for the thermoelectric magnetic force are calculated on a grid with obtained values in the mesh nodes handled with interpolations and derivation techniques used in finite elements method.
Comparison of the analytical solution and numerical results with phase function for a model problem
At the first step a comparison between the analytical solution and the ones obtained using AEQUTIO toolbox were made. In an analytic model a sphere of a diameter of 1 mm was taken, i.e.R=50µm is used in (11)- (14). To satisfy the condition of infinite media the size of the 3D computational domain in AEQUATIO simulations was taken 50 times larger than the sphere: 50×50×50 mm and was meshed with 4 elements in each direction. The phase function corresponded to a sphere, i.e. had a form
The size of a cubic sub-domain contained a spherical particle was four times larger than the particle: 4×4×4 mm. Every property γ for materials used in the calculations was presented as linear combination of the value for the solid γ S and the liquid γ L phase:
We considered two combinations for the values of Seebeck coefficients in the liquid and in the solid phase. The first case with S S = −1·10 -6 V/K and S L = −2·10 -6 V/K corresponds to values measured for Sn-Pb alloy [12] . The difference S S −S L =1·10 -6 V/K is positive, and the TEMF acts along the y-axis in negative direction. In figure 4a we present distributions of the force along the line parallel to the zaxis which passes through the center of the sphere and lies within the sub-domain used in numerical simulations. The maximal value of the force is inside the particle for −0.5·10 . Surprisingly, in numerical simulations qualitatively correct results are obtained already if a sub-domain is meshed only with 5 elements in each direction, but the value of force is significantly higher than the one predicted theoretically. With increasing the number of cells in a sub-domain, numerical and analytical results become closer and for the sub-domain mesh containing 30 cells in each direction the maximal difference between the numerical and analytical solution is about 8%, yet oscillations appear in numerical solution.
Situation changes dramatically for other values of Seebeck coefficients which were measured for an Al-Cu alloy and are given in the table 1. In this case the difference S S −S L =−1.6·10 -6 V/K is negative and TEMF is co-directed with y-axis. The analytical model still predicts monotone behavior for the force with transition from the liquid to the solid phase, but in the numerical solution strong oscillations of the force is observed near the solid-liquid phase transition (figure 4b). Nevertheless, apart from two jumps the qualitative behavior of the numerical solution is not close to the analytical one. We suppose that oscillations in numerical solution are related to a discontinuity of the chosen 
Comparison of the analytical solution for a sphere and numerical results for a cubic particle with a real frontier
To verify that solutions with a real frontier do not contain oscillations, calculations were made for a cubic particle of a size 1mm×1mm×1mm with explicit indication of its boundary. A sub-domain containing the particle was 4mm×4mm×4mm whereas the size of the calculation domain was kept as in previous case 5cm×5m×5cm. Quantitative comparison between numerical results obtained for a cubic particle and analytical solution for a sphere is, of course, not possible, but one can expect similarity of these solutions and this is observed in figure 5a-b. a b Figure 5 . Numerical results for a cubic particle 1mm×1mm×1mm inside the infinite media. a: Vector field of the thermoelectric magnetic force presented in a sub-domain in a plane (yz) which passes through the centre of the particle. b: TEMF distribution along the z-axis with the origin in centre of the particle, analytical solution for a sphere is given as a reference.
Comparison of the results of numerical simulation and experimental observation
Because of the size of the volume where solidification of Al-4wt%Cu was performed some effects related to the constraints of the thermoelectric current compared with the analytical problems could be expected. Properties of the solid and liquid phases were similar to that given in the table 1. Geometry The second sub-domain provides smooth variation of the y-component of the thermoelectric magnetic force in the liquid surrounding the particle (dashed line in figure 6a ) and smaller values for its z-component (dashed line in figure 6b) which appear due to numerical errors. Furthermore, the maximal value calculated for the f TEMF,y in this case is about 1600N/m 3 , i.e. the same value as obtained for a cubic particle in the infinite media in previous section (figure 5b). The values of the force at the boundary of the particle at z=±0.05·10 -3 m are also similar to the values obtained in previous section. In other words, the thermoelectric current is not affected by the presence of the walls of the domain.
For further calculation of the particle velocity and trajectory a larger sub-domain was used. Due to stable thermal gradient there is no thermo-convection. According to experimental observation, particle is moving preferentially in an horizontal direction with some oscillations in vertical direction. These oscillations may be attributed to solute convection. In the liquid phase, Lorentz force decrease sharply. It is expressed as a function of r 3 , with r the distance from the center of the particle. We suppose that the liquid flow around the particle will change its shape but will not affect the motion. The components of the thermoelectric magnetic force integrated over the volume of the particle according to the (10) are F TEM =(0.0, 1.7037·10 -9 , 9.39·10 -11 ). The z-component of the TEMF, as said above, appeared because of the numerical errors and was 18 times smaller than the y-component. According to (9) a viscosity drag force is required to calculate the evolution of the particle velocity. Navier-Stokes equations are not implemented yet into AEQUATIO toolbox and because of this an analytical approximation was used in calculations. For a sphere with the radius R, the coefficient in (11) is known to be R A L πµ 6 = . As approximation, the equivalent radius for a cubic particle can be
where D is the size of the cube side to keep the same cross section of the particle that in our case gives R eq =56.4 µm. Since the particle moves in the horizontal direction the temperature distribution does not change around it and therefore thermoelectric magnetic force does not change either. The stationary situation when TEMF and viscous drag force are equal occurs less than in a half of the second as shown in eq. (12) 
For our case this gives a velocity of 670µm/s. This value is about 3 times larger than the one estimated from the experimental results and theoretically in [9] . This difference can be explained by following factors. The first one is related to uncertainty in the physical properties of the materials, especially for the Seebeck coefficients. Thus in [9] other values for S S and S L were used and their difference was two times smaller than in the present work, i.e. the resulting TEMF was also two times smaller. The second reason is that the dendrite fragment does not have a regular shape: even if it has a spherical envelope its solid fraction is smaller that decreases the total TEMF and increases viscous drag force. For a cube integrated TEMF is approximately 2 times higher than the one of equivalent sphere. Finally, a drag force may be higher than we used in our approximation due to a small thickness of the crucible. 6. Conclusion Numerical simulations made with multi-physics multi-grid numerical toolbox AEQUATIO showed good agreements with analytical solutions. Oscillations of numerical solutions observed in the present work are probably related to a straightforward implementation of the phase function and can be suppressed via correct choice of the latter. In simulations of the experimental problem, constraints effect for the electric current related to the size of the simulation domain were not found. However, strong sensitivity of the results to the space discretization was revealed.
